We present an in-depth analysis of muon-spin spectroscopy measurements of Eu2Ir2O7 under the effect of the Eu1−xBix isovalent and diamagnetic substitution as well as of external pressure. Our results evidence an anomalously slow increase of the magnetic volume fraction upon decreasing temperature only for stoichiometric Eu2Ir2O7, pointing towards highly unconventional properties of the magnetic phase developing therein. We argue that magnetism in Eu2Ir2O7 develops based on the nucleation of magnetic droplets at TN , whose successive growth is limited by the need of a continuous generation of magnetic hedgehog monopoles.
INTRODUCTION
Pyrochlore iridium oxides -with characteristic chemical formula R 2 Ir 2 O 7 , R being a rare-earth ion -host a wide variety of exotic electronic phases arising from the combined effect of the spin-orbit interaction, Coulombic correlations and the peculiar geometrical properties of the lattice [1, 2] making them candidate materials for the realization of electronic states with non-trivial topological properties [3] [4] [5] [6] [7] [8] [9] . Particular interest has been devoted to the metal-insulator transition developing for R = Eu, Sm and Nd, where a low-temperature magnetic insulating phase evolves into a non-magnetic metallic state above a critical temperature T N [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Interestingly, T N shows a marked decrease upon increasing the average ionic size at the R site towards the limit of Pr 2 Ir 2 O 7 , a metallic spin liquid which remains non-magnetic down to the lowest accessible temperatures [23] [24] [25] . Theoretical proposals suggest that the complete suppression of T N takes place at a quantum critical point whose properties are closely tied with those of the magnetic state of the iridium sublattice [26] , where the magnetic moments are forced along the local 111 directions pointing all inwards or outwards the tetrahedron defining their crystallographic sites, realizing the so-called all-in-all-out order [27] [28] [29] [30] .
Strategies for a gradual approach to the quantum critical point include progressive chemical substitutions at the R site as well as the application of external pressure [31] [32] [33] [34] . In this respect, a promising family of materials is (Eu 1−x Bi x ) 2 Ir 2 O 7 thanks to the isovalent character of the chemical substitution and to the diamagnetic nature of both Eu 3+ and Bi 3+ ions. The latter property is particularly relevant as it makes the intrinsic magnetic state of the iridium sublattice accessible without complications due to the f − d exchange. Recently, it was reported that 10 % of bismuth in the system is enough to suppress mag-netism and to induce a linear-in-temperature dependence for resistivity -a possible signature of quantum criticality in the system [35] .
In this work, we report on a study of Eu 2 Ir 2 O 7 as performed by means of muon-spin spectroscopy (µ + SR). We follow the evolution of the magnetic ground state towards its full suppression at different values x for the Eu 1−x Bi x chemical substitution. Focusing on the dependence of the magnetic volume fraction V m of the sample on temperature, we highlight a highly unusual behaviour specific of the stoichiometric unsubstituted composition. We argue that the observed behaviour should be ascribed to the all-in-all-out order and to the peculiar topological properties of magnetically-ordered tetrahedra.
EXPERIMENTAL DETAILS
We performed µ + SR measurements on the General Purpose Surface-muon (GPS, temperature range 1.6 K -150 K) and Low Temperature Facility (LTF, temperature range 20 mK -8 K) spectrometers on the πM3 beamline of the SµS muon source of the Paul Scherrer Institute (PSI), Switzerland. All the measurements were performed under conditions of zero magnetic field (ZF). The samples were loose or pressed powders wrapped in Al/Mylar tape (GPS) or pressed powders glued onto a silver plate with Apiezon N grease and covered with a 12-µm-thick silver foil (LTF).
We also performed measurements [34] on Eu 2 Ir 2 O 7 powders on the General Purpose Decay-channel (GPD, temperature range 5 K ≤ T ≤ 200 K, low-temperature pressure range 1 bar ≤ P ≤ 24 kbar) spectrometer on the µE1 beamline of SµS at PSI, both in ZF conditions and while applying a weak transverse external magnetic field (TF). We applied pressure at ambient T by means of a double-wall piston-cylinder cell made of MP35N al- loy and ensured nearly-hydrostatic P conditions in the whole experimental range by using Daphne oil 7373 as transmitting medium. We determined the P value and its homogeneity at low T by measuring the diamagnetic response associated with the superconducting transition of a small In wire in the sample space by means of ac susceptibility. Details on the synthesis and characterization of the samples can be found in Ref. [35] . General technical details on µ + SR are reported in Ref. [36] together with a discussion of the data analysis for the measurements under applied pressure.
RESULTS AND DATA ANALYSIS
In Fig. 1 we report representative results of ZFµ + SR for Eu 2 Ir 2 O 7 [34] and for the four investigated (Eu 1−x Bi x ) 2 Ir 2 O 7 samples (x = 0.02, 0.035, 0.05, 0.1). At low T , the experimental results for x ≤ 0.035 evidence clear coherent oscillations of the asymmetry function A T (t) [36] -denoting a well-defined value for B µ , i.e., the local magnetic field at the muon site -while the data for x = 0.05 evidence a strong depolarization in the absence of coherent oscillations, indicative of a wide distribution of local B µ values. Eventually, we detect no significant dependence of the muon spin polarization on temperature for x = 0.1, suggesting a full suppression of the magnetic phase in that limit of chemical dilution.
In order to reach a comprehensive picture for these results, we refer to the fitting function
which is generally used for magnetic materials in ZF conditions [34] . In Eq. (1), V m (T ) is the fraction of muons probing a static local magnetic field and, due to the macroscopically-random implantation of muons, is equivalent to the magnetic volume fraction of the sample. In the high-T paramagnetic phase, V m (T ) = 0 and only nuclear magnetic moments can cause a Gaussian-like damping of the signal with a characteristic rate σ N ∼ 0.1 µs −1 .
In the low-T magnetic phase, the superscript ⊥ ( ) refers to those muons probing a static local magnetic field perpendicularly (parallelly) to the initial spin orientation. Accordingly, one has i a ⊥ i (T ) + a (T ) = V m (T ) for the so-called "transverse" (a ⊥ i or a T r i ) and "longitudinal" (a or a L ) amplitudes. The index i runs over N inequivalent crystallographic implantation sites. The transverse component yields information about the static magnetic properties of the investigated phase. In particular, a precession of the muon spin around a local magnetic field static within the µ + lifetime can be observed in the transverse amplitude and described by oscillating functions F i (t), while the damping functions D ⊥ i (t) reflect a distribution of local magnetic fields at the µ + site. On the other hand, the longitudinal components typically probe dynamical spin-lattice-like relaxation processes resulting in slow exponentially-decaying functions D i (t) = e −λ L i t . Due to the typically low values measured for λ L i (∼ 0.1 µs −1 ) in comparison with the overall experimental twindow (∼ 5 µs), the i different longitudinal components cannot be resolved and only one average D (t) is reported in Eq. (1), accordingly.
In the following, we define T N as the temperature where a crossover takes place between a ⊥ = 0 and a ⊥ = 0. This definition is in good agreement (within 1 -2 K degrees) with the estimates from magnetometry [35] .
Parent compound Eu2Ir2O7 at ambient pressure
We discussed the results for the Eu 2 Ir 2 O 7 sample in detail in a previous work (see the supplementary material of Ref. 34 ) and we will briefly summarize them here.
With reference to Eq. (1), our experimental results suggest that the muons are implanted in N = 2 inequivalent crystallographic sites and that a ⊥ 1 /a ⊥ 2 ∼ 3.5 − 4 independently on T . The main component a ⊥ 1 displays long-lived coherent oscillations indicative of a well-defined value of the local magnetic field with a narrow distribution over the sample. We find good fitting results with the choice F 1 (t) = cos (γB µ1 t + φ 1 ) and D ⊥ 1 (t) = e −λ T r 1 t . A preliminary fitting procedure shows that the phase term φ 1 ∼ −20 • , so that the final fitting procedure was performed by keeping φ 1 = −20 • as fixed parameter. a ⊥ 2 is a non-oscillating component and, accordingly, F 2 (t) = 1 with the only contribution to the depolarization coming from D ⊥
Based on the criterion above, we estimate T N = 120.0 ± 1.0 K. x = 0.02 and x = 0.035 samples at ambient pressure
The fitting procedure still suggests that a ⊥ 1 /a ⊥ 2 ∼ 3.5 − 4 holds roughly independent on T for the signals from the two inequivalent crystallographic sites. The long-lived coherent oscillations are fitted properly by F 1 (t) = cos (γB µ1 t + φ 1 ) and D ⊥ 1 (t) = e −λ T r 1 t , similarly to the case of Eu 2 Ir 2 O 7 . The best fitting results are obtained by using φ 1 = −32 • and φ 1 = −38 • as fixed parameters for x = 0.02 and x = 0.035, respectively. We stress that in a narrow temperature window just below T N the transverse relaxation is so strong that the coherent oscillations are overdamped and B µ1 cannot be defined. Based on the criterion above, we estimate T N = 118.0 ± 2.5 K and T N = 112.5 ± 2.5 K for x = 0.02 and x = 0.035, respectively. x = 0.05 and x = 0.1 samples at ambient pressure As shown in Fig. 1 , the coherent oscillations observed for x ≤ 0.035 are completely overdamped for x = 0.05 at all the investigated T values, although for this latter composition the results still evidence a strongly T -dependent asymmetry function. Accordingly, we impose F 1 (t) = 1 and associate the whole transverse depolarization to the function D ⊥ 1 (t) = e −λ T r 1 t . Moreover, the fitting quality is satisfactory even without including the second transverse component -accordingly, we set a ⊥ 2 = 0. We estimate T N = 57.5 ± 2.5 K.
Finally, the x = 0.1 sample does not evidence clear signs of magnetism down to 20 mK, although we observe a clear difference in the relaxation shape between the measurements at the lowest and highest temperatures. We ascribe the origin of the low-temperature relaxation to extrinsic magnetic impurities, whose contribution to the macroscopic magnetization was already evidenced for T 10 K [35] . Accordingly, we assume T N < 20 mK.
DISCUSSION
We report the T -dependence of the magnetic volume fraction for x ≤ 0.05 in the upper panel of Fig. 2 (lefthand panel) . The onset of the increase of V m in Eu 2 Ir 2 O 7 is very sharp at T N and the saturation value for V m at low temperatures is around 0.9, in agreement with previous observations [14] . We associate the remaining fraction ∼ 0.1 to a segregated non-magnetic phase and/or to a non-relaxing component arising from those muons implanted in the cryostat walls and sample holder. We also observe a sharp increase in the longitudinal relaxation λ L at T N , followed by an unusually slow decrease with further cooling within the magnetic phase (see the lower panel of Fig. 2 , left-hand panel). These results are indicative of a canonical dynamical critical peak at T N -associated with the slowing down of magnetic fluctuations upon approaching the critical point -and of the persistence of more unconventional spin dynamics within the magnetic phase, possibly associated with the random movement of the magnetic domain walls [40] [41] [42] [43] [44] .
The same results are observed also for the x = 0.02 sample, although the increase of V m upon decreasing T is slower than what is observed for Eu 2 Ir 2 O 7 . For the x = 0.035 sample we observe an overall shift to lower temperatures, consistent with the decrease of T N , and a rounding of the V m onset. Additionally, the lowtemperature saturation value for V m is around 0.8, denoting the increase of the segregated non-magnetic volume. We confirm this trend for the x = 0.05 sample, where the shift of the V m onset to lower temperatures is much more marked and where V m ∼ 0.7 at saturation. These results are paralleled in the behaviour of λ L , also confirming the unusual persistence of spin dynamics within the magnetic phase for all the samples x ≤ 0.05.
Generally, from the µ + SR perspective, a magnetic phase is LRO (long-range ordered) if the distribution of local magnetic fields around the average value is narrow enough (i.e., B µ1 ≫ λ T r 1 /γ). In this case, B µ1 can be considered as the order parameter for the studied phase transition. On the other hand, in a SRO (short-range ordered) phase the magnetic response is robust and extended over a bulk fraction of the sample -however, the field distribution is so broad that it is not meaningful to define a central average value and, correspondingly, no coherent oscillations are observed in the experimental A T (t) asymmetry curves. Both Eu 2 Ir 2 O 7 and the x = 0.02, 0.035 samples belong to the former category and we plot the temperature dependence of their average B µ1 values in the upper panel of Fig. 2 (right-hand  panel) . The overall trends are qualitatively very similar for the three samples. Consistently with the results discussed above for V m and λ L , it is evident that the effect of increasing x is to weaken the magnetic phase by suppressing both T N and B sat µ1 , i.e., the low-temperature saturation value of the internal field. This latter quantity is reported in the inset, clearly showing a linear-like decrease upon increasing x. On the other hand, a complete crossover to a SRO state is observed for the x = 0.05 sample. This is supported by the lower panel of Fig. 2  (right-hand panel) , where we report the T -dependence of the transverse damping rate λ T r 1 . It is evident that the low-temperature value of λ T r 1 increases progressively upon increasing x which, together with the observed xinduced suppression of B sat µ1 , eventually leads to the complete overdamping of the coherent oscillations.
Unusual behaviour for the magnetic volume fraction of Eu2Ir2O7
In magnetic materials, the possibility of quantifying separately the order parameter and the volume fraction over which the ordered phase extends is a powerful advantage of µ + SR [45, 46] . The former quantity -i.e., the ordered magnetic moment -is proportional to the local magnetic field at the µ + site, hereafter indicated as B µ . The proportionality factor can be estimated by means of probabilistic approaches [29, 47] or computed exactly once the µ + thermalization site and interaction mechanisms are known [48, 49] . However, the temperature dependence for B µ and for the order parameter is the same, which is relevant in order to estimate experimentally the associated critical exponent β for T T c -where T c represents the broadly defined critical temperature [50] . On the other hand, thanks to the macroscopically-random implantation of muons during the experiment, the magnetic volume fraction of the sample V m can be quantified as the fraction of muons probing a static local magnetic field within the muon lifetime.
The dependences of B µ and V m on temperature are expected to be different, as confirmed by experiments routinely [51] [52] [53] [54] [55] . Let's focus on an idealized, textbook-like phase transition involving identical localized magnetic moments on a lattice. For continuous phase transitions, B µ follows a power-law trend governed by the characteristic critical exponent β for T T c . For T > T c the order parameter is zero by definition so the overall behaviour is intrinsically non-symmetric around T c . On the other hand, based on naive Landau-like considerations on the minimization of the free energy [56] , a magnetic phase is suddenly favoured over the whole sample volume below T c and V m (T ) should follow an inverted step-like function centred at T c . A supposedly normal distribution of T c values with characteristic width ∆ -due to microscopic inhomogeneities -leads to the expression [52] V m (T ) = 1 2 erfc For the undoped material, the same data are also reported in the inset with Vm displayed as a function of Bµ and temperature as implicit parameter. The dashed curve is a best-fitting linear trend with zero-intercept. Right-hand panel: effect of the external pressure estimated from weak-transversefield µ + SR [34, 36] . The graph corresponding to P = 1 bar is physically equivalent to the upper left-hand panel, however the data have been obtained for the sample inside the unloaded pressure cell so that the signal-to-noise ratio is worse [36] .
involving the complementary error function erfc(x) and being routinely used as best-fitting function for experimental V m (T ) data. According to Eq. (2), the function V m (T ) is symmetric -in particular, it is odd with respect to the mid-point T c , which is then defined as an average value.
Our experimental findings for Eu 2 Ir 2 O 7 are at variance with the expected behaviours outlined above. As reported in the upper left-hand panel of Fig. 3 , we evidence a very peculiar correlation between B µ (T ) and V m (T ). In particular, the functional form describing the dependence of both quantities on T looks identical, as shown in the inset where V m is reported as a function of B µ with T as implicit parameter. It is crucial to stress that B µ is obtained as best-fitting parameter for the frequency of the coherent oscillations in the transverse component of the µ + SR depolarization function, while V m is derived from the amplitude of the non-oscillating longitudinal component of the signal. Accordingly, it seems safe to assume that these two quantities are estimated independently from one another, as there is no immediate way of understanding any numerical artefact of the fitting procedure leading to a correlation between them.
It is interesting to discuss the effect of different per-turbations on the observed correlation between B µ and V m in Eu 2 Ir 2 O 7 . In the left-hand panels of Fig. 3 we report data for Eu 2 Ir 2 O 7 under the effect of the Eu 1−x Bi x chemical substitution in the low-x regime. It is evident that the correlation between B µ (T ) and V m (T ) is affected already for x = 0.02 and that the deviations become substantial for x = 0.035, leading to a result which resembles much more the expected canonical trend. Our µ + SR measurements detect a clear crossover to a magneticallydisordered state for x = 0.05 and a complete suppression of magnetism for x = 0.1. Accordingly, it is clear that the effect of low x values is to destabilize magnetism and, in particular, the all-in-all-out state. The situation is different by considering the effect of nearly-hydrostatic external pressure for values P ≤ 24 kbar (Fig. 3 , righthand panels). The peculiar correlation between B µ (T ) and V m (T ) is preserved up to P = 24 kbar, even though we detect minor departures from it at the highest measured pressure value. Overall, the preservation of this phenomenology is consistent with the weak sensitivity of the all-in-all-out phase and of the Ir 4+ magnetic moment to pressure reported previously [34] .
Based on these observations, we argue -as the main result of this work -that the observed correlation between B µ (T ) and V m (T ) is a peculiar property of the all-in-allout phase itself, as realized in stoichiometric Eu 2 Ir 2 O 7 .
Magnetic droplets. Hedgehog monopoles and their possible role in limiting the growth of the magnetic volume
It is clear that, in Eu 2 Ir 2 O 7 , the temperature dependence of V m -rather than B µ -defies the usual expectations. Accordingly, the main assumption for an interpretation of the observed phenomenology should consider the development of an ordered magnetic moment at the Ir site as the primary parameter for the magnetic transition, the magnetic volume fraction being effectively driven by the order parameter.
In particular, the process can be pictured by assuming that a local non-zero ordered magnetic moment nucleates within the sample at different point-like regions at T N generating a magnetically-correlated volume proportional to the amplitude of the ordered moment. The nature of these nucleation points is currently unknown, however it seems safe to assume that structural or chemical defects may play this role. The peculiar shape of V m (T ) suggests that the volume expansion of the magnetic droplets occurs within a non-magnetic background. It is important to stress that µ + SR is resolving a welldefined local magnetic field already for T T N . This fact means that the magnetic phase is long-range ordered beyond at least tens of lattice parameters from the µ + implantation site. Accordingly, the nucleated regions must be expanding quickly in volume upon decreasing tem- perature below T N and, crucially, a long-range ordered phase must be established within the magnetic droplets. A further decrease of temperature would progressively increase the amplitude of the ordered moment and this would polarize a bigger ordered volume around the nucleation point, in turn. The finding of a low-temperature saturation value V m ∼ 90 % is also confirmed by other works [14] and could be an indication that the expansion of the nucleated droplets continues until they jam together, leaving small non-magnetic interstitial voids between them.
The described phenomenology is reminiscent of the condensation of vapour [57, 58] . In such framework, the growth of a condensed spherical droplet of liquid is governed by two competing terms in the overall energy balance. In particular, a negative term accounting for the volume energy gain of the system in condensing vapour into liquid is opposed by a positive term associated with the surface tension. Naively, two analogous competing energy terms can be considered when modelling the magnetic phase transition of Eu 2 Ir 2 O 7 . The conventional volume energy gain below the critical temperature needs to be opposed by a positive energy contribution from the surface. We argue that this latter term should be associated with the non-trivial topological properties of the all-in-all-out phase. The arrangement of the magnetic moments within each tetrahedron in the ordered phase can be described as a hedgehog magnetic monopole [27, 59, 60] . Accordingly, the crossover between paramagnetic and ordered states implies a simultaneous crossover between topologically trivial and non-trivial states -respectively -for each tetrahedron. The energy cost of the generation of new hedgehog monopoles should play as a limiting factor for the growth of the magnetic volume of the ordered phase. This is represented in Fig. 4 for the idealized case of a spherical droplet of ordered tetrahedra (in yellow) surrounded by those tetrahedra (in red) that must be converted into hedgehog magnetic monopoles during the expansion process. The number of new generated hedgehog monopoles -and the associated energy contribution -clearly scales with the surface of the droplet. Upon increasing the droplet size, the energy gain from the volume term is expected to dominate over the surface term.
The analogy with vapour condensation should be used with care. Nucleation is normally associated with firstorder-like transitions where metastable states emerge -e.g., the supercooled gas. Current experimental reports have failed to identify the magnetic transition in Eu 2 Ir 2 O 7 as first-order [16] . Additionally, our results of dc magnetometry (not shown) do not evidence any dependence of T N upon cooling the sample at different rates from 1 K/min to 20 K/min. Still, the highly-unusual findings reported above point at least towards a weak first-order character of the transition and deserve further investigations. In particular, it would be highly desirable to use a detailed Landau-like expansion for the characteristic free energy of Eu 2 Ir 2 O 7 in the magnetic stateincluding the proposed energy cost for the creation of new hedgehog monopoles -aiming at the computational simulation of the expansion of the magnetic volume upon decreasing temperature.
CONCLUSIONS
In this paper we have presented a detailed study of the magnetic phase transition of Eu 2 Ir 2 O 7 by means of muon-spin spectroscopy. The growth of the magnetic volume upon decreasing temperature is unusually slow and it is possibly limited by the non-trivial topological properties of the magnetically-ordered tetrahedra, supporting the development of an all-in/all-out arrangement for the magnetic moments of Ir ions. Our data on Eu 2 Ir 2 O 7 under external pressure and, at the same time, under the effect of the Eu 1−x Bi x chemical substitution show that the proposed mechanism is highly specific for the undoped stoichiometric composition. The novel exotic mechanism proposed for the nucleation of the magnetic volume deserves confirmation by additional experimental and computational investigations.
